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Abstract 
Dipole moment functions of isotopomeric molecular ions, HCl+ and DCl+, are considered in the 
two coordinate systems, center of mass of nuclei and center of nuclear charges, both through 
simple analytical derivations and ab initio calculations of electronic structure at various 
interatomic separations. An origin of the different values for dipole moments of the isotopomers is 
discussed and demonstrated by the calculation data. 
 
 
1. Introduction 
 
Electronic structure calculations within the framework of conventional Born-Oppenheimer 
approximation provide identical results for molecules of isotopomers, as far as the electronic shell 
of isotopes are the same. E.g. , the electronic structure of HCl and DCl have no difference, and 
major quantum-chemical methods and corresponding software do assume the Born-Oppenheimer 
approximation that is quite suitable for many chemical tasks [1]. However, some physical 
properties of molecules depend on nuclear mass, and therefore isotopomers appear to be different. 
Vibrational properties of molecules are one such example, that is commonly known and trivial. 
More interesting question regards dipole moment (DM) function of charged molecules since the 
position of center of mass of molecules, evidently, depends on mass of isotopes, and that fact 
changes value of molecular property, in particular, DM.  Major quantum-chemical calculations use 
the system of center of nuclear charges in processing of data, in which case the factor of nuclear 
mass is lost. In the present work, using the data on ab initio calculation of electronic structure of 
HCl+ (DCl+ ) molecular ions we consider how DM of HCl+ and DCl+  can be different depending 
on type of coordinate system used for analysis.  
 
 
2. DM definitions 
 
The general definition of DM includes both electronic and nuclear parts:  
 Dfull = DN + De          (1) 
 
There are two commonly used coordinate systems to treat molecular properties: the center of mass 
of nuclei (CNM) and the center of nuclear charges (CNC). The first one is mostly used in various 
quantum mechanical tasks as well in any other areas of physics in which mass of constituent 
particles is important. The latter originated from the Born-Oppenheimer principle widely used in 
quantum-chemical treatments through separation of electronic and nuclear parts in the 
Schroedinger equation. This separation results in the principal contribution of the electronic part in 
major chemical tasks, and nucleus masses do not enter quantum chemical calculations explicitly. 
The masses became to be important in solutions associated with nuclear motion, e.g. vibrational 
spectrum, molecular dynamic, etc. If we treat, for example HCl molecule in the term of quantum-
chemical task, we use as parameters the nuclear charges, ZN(H) = 1 e and ZN(Cl) = 17 e, where e is 
the elementary charge. No any atomic masses are used in the calculations, that is quite 
understandable and does not rise the problems until we work with one type of nuclei for a chemical 
element (H here). Within the framework of this ‘chemically standard’ approach, HCl and DCl 
possess the same electronic structure, and as consequence, the same properties determined by the 
electronic structure and DM of HCl and DCl became the same. Meanwhile, even purely classical 
treatment of the diatomic system with different masses of atoms, evidently, leads to different 
values of DM [LL,      ]. The classical value should be true at large separations of atoms when 
electronic structure factors have minimum contributions. An apparent discrepancy of intuitive and 
more rigorous calculations of DM of the diatomics issues from the difference in the coordinate 
systems used.  
     For molecular ions, in contrast to neutral molecules, the situation acquires a particular 
significance since DM value of ions depends on the coordinate system. In the case of neutral 
particles there is no matter what is a reference point for evaluation of DM, and the latter reflects 
the genuine property of a molecule. However, in the case of a non-zero full charge the reference 
point position varies DM value under consideration. This can be shown easily if to use the 
definition of DM with no respect to the type of constituents of the system [2]:  
 
DM = eiri,  
where the sum is taken through all i charges and r are corresponding radius-vectors. ei are charges 
of constituents. In different coordinate systems shifted on arbitrary constant vector a 
 
ri
’ = ri + a         (2) 
 
then  
 
DM’ = eiri’ = eiri + aei = DM + aei.     (3) 
 
If the full charge of the system is zero, i.e. ei = 0, DM’ = DM, but otherwise, if   ei  0, the 
formula (3) simply results that DM’  DM since a is considered also to be not zero for any 
meaningful transformations (2).  
     Thus, two coordinate systems described above for molecular calculations, CNM and CNC, if 
appear not the same (e.g. when a nuclear mass of two molecular ions is different), result in DM’  
DM. Later, we derive relationships for DM in the CNC and CNM systems and demonstrate using 
the results of ab initio calculations the numerical difference between values of DM for HCl+ and 
DCl+.  
 
 
3. Analytical derivations 
 
     Let us consider how the full DM, relation (1), behaves in CNC and CNM. In CNC the first 
term, evidently, DN = 0, but in CNM this is not so, and the difference for DM of HCl and DCl 
appears. We use common formulas for CNM and CNC assuming the 1-dimensional case with all 
distances only along the molecular axis. Then the differences in values of DM are due to the 
differences in position of origins of CNM and CNC. Below we derive relations for them. 
 
r1 + r2= R,          (4) 
 
where r1 and r2 are distances to atoms in CNM system (Fig. 1a), and R is the interatomic distance. 
Usual definitions read through masses of the atoms m1 and m2: 
 
r1=(m2/(m1+m2))R and  r2=(m1/(m1+m2))R,     (5) 
 
Analogously, for CNC we use distances rz1 and rz2 to atoms with respect to this CNC system 
(Fig. 1b) and R is the same, atom-atom separation: 
 
rz1+ rz2= R,          (6) 
 
rz1=(z2/(z1+z2))R and  rz2=(z1/(z1+z2))R,     (7) 
 
z1 and z2 are nuclear charges those define the center of nuclear charges in the same way as masses 
m1 and m2 give the center of mass. 
 
     Now, from these formulas let us evaluate the difference between position of CNC and CNM 
with (5) and (7): rz2-r2 or rz1-r1 that give the same final result: 
 
rz2-r2 = (z1/(z1+z2))R – (m1/(m1+m2))R      (8) 
 
Then for HCl z1=17, z2=1, m1=35, m2=1 and we have (17/18 – 35/36)R = -(1/36)R = 
-0.027(7)R.          (9) 
 
For DCl z1=17, z2=1, m1=35, m2=2 results in (17/18 – 35/37)R =  
-0.0015(015)R.         (10) 
 
These additions for values of DM should be used to pass from calculated values in CNC, i.e. 
typical quantum-chemical calculations, to the results in CNM (molecular mechanics and 
dynamics).  
 
     Now, the differences in one coordinate system, CNM, can be easily derived for DCl and HCl:  
 
                                   m1(HCl)                       m1(DCl) 
r2(DCl) - r2(HCl) =   _____________   -   _____________   *R    = 
                           m1(HCl) + m2(HCl)         m1(DCl) + m2(DCl) 
 
                                 m1(HCl)m2(DCl) - m1(DCl)m2(HCl) 
                           ________________________________ *R = -35/(36*37)R =    (11) 
                           [(m1(HCl) + m2(HCl) ] [(m1(DCl) + m2(DCl) ] 
 
= -0.026(276)R 
 
If to evaluate this relation with r1 instead of r2, i.e.  r1(DCl) – r1(HCl) the result will be same.  
 
4. Ab initio calculations 
 
The calculations for the ground and several lower states of HCl+ and DCl+  were presented in our 
recent works [3-5]. For the present analysis of DM values we use here the SCF-HF level 
calculation with  basis set of 6-311G(2DF,2PD). We concern the A2+ state, and for other ones the 
application is analogous. This state is featured by the asymptotic of DM(R) with monotonous 
increase and can easily demonstrate the idea of the present study. 
Fig. 2 displays the results of ab initio calculations of DM for this state of HCl+ and DCl+  
(A2+) in the different coordinate systems, CNC and CNM, and the numerical data are collected in 
Table 1 together with the value  
 
DD = (1/R)(DM(CNM) - DM(CNC))      (12) 
 
demonstrating how the formula (10) for difference in the coordinate systems under consideration is 
valid in the calculations. The data in CNC are coincident for both ions, in CNM the difference is 
maximum for short distances. 
 DM function plotted in Fig. 2 clearly show the difference between the value for HCl+ and 
DCl+  cases, and it grows at the asymptotic, in accordance with analytical derivations above. The 
asymptotic behavior is described well by the classical values evaluated from the masses of 
elements, 35/37 and 36/37.  
 
 
5. Conclusion 
 
Using analytical derivations and quantum-chemical ab initio calculation for DM functions of 
isotopomeric molecular ions, HCl+ and DCl+, we consider the origin of difference of DM values 
that is noticeably increased with R to classical asymptotics. This occurs in the CNM coordinate 
system rather than in CNC (used in most calculations). 
 
 
 
Table 1. Numerical data of calculations for HCl+ and DCl+   
R, a0 DM, DCl
+, CNM DM, HCl+, CNM DM, DCl+, CNC DM, HCl+, CNC DD, DCl 
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Fig. 1a   A scheme for definition of values of  r  and  m in CNM 
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                     rz1                          rz2 
 
Fig. 1b  A scheme for definition of values of  r  and  z in CNC 
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Fig. 2. Plots of the calculation results for HCl+ and DCl+  in CNM and the same with comparison 
of lines y=(35/37)x and y=(35/36)x to view the correspondence with analytical results above. 
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Fig. 3.  Potential curves of A2+ of HCl+ and DCl+ .  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
5 10 15 20 25
-459.6
-459.5
-459.4
-459.3
-459.2
-459.1
-459.0 5 10 15 20 25
-459.6
-459.5
-459.4
-459.3
-459.2
-459.1
-459.0
E
n
e
rg
y,
 a
.u
.
R, a
0
 DCl-ESCF-Sym1
E
n
e
rg
y,
 a
.u
.  HCl-ESCF-Sym1
 
References 
 
1. D.B. Cook. Quantum Chemistry. A unified approach. 2nd Ed. Imperial College Press. 2012. 
2. L. Landau and E.M. Lifshits. The Classical Theory of Field. Pergamon Press, 1971. 
3. V.S. Gurin, V.E. Matulis, M.V. Korolkov, S.K. Rakhmanov. J. Chem. Phys. 126 (2007) 124321.  
4. V.S. Gurin, M.V. Korolkov, V.E. Matulis.  SAC-CI Calculation of a Series of the Lowest 
    2-Pi-States of HCl+ and HBr+ Ions.   - http://arxiv.org:  arXiv:1202.6220v1 [physics.chem-ph] 
5. Gurin V.S., Korolkov M.V. Ab initio Calculation of Dipole Moments and Transition Dipole 
    Moments of HCl+ and HBr+ Molecular Ions.  http://arxiv.org:  1412.5999 [physics.chem-ph] 
